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AN ANALYTICALINVESTIGATIONOF

PROPERTIESOFA SIMPIE

4173

= GUST-ALLEVIATING

PITCEDAMPER

By NormanL.Crabill

SWY

Theresponseto atmosphericgustsofa lightlydampedairplane
modelflyingata MachnunberofO.~ at sealevelhasbeenstudiedanalyt-
icalJ_ywithelevatorfixedandwithvar@ngamountsofviscousrestraint
ofa mass-overbalancedelevator.Althoughina sharp-edgegustthevis-
couslyrestrainedmass-merbalancedelevatorhasnegligibleeffectonthe
motionoftheairplanecenterofgravityuntilthefirstpeakinthe
normal-accelerationresponseofthemodelhasbeenreached,theeffective
dampingratioofthesubsequentmotioncanbe morethantrebledby a suit-
ablechoiceofviscousrestraintwithsomereductioninfrequencyof

e oscillation.In continuousgusts,calculationsindicatethatforthe
modelconsideredthereresultsa 20-percentreductioninroot-mean-square
normalaccelerationatthecenterofgravityovera broadrangeof eleva-

. torviscousrestraint.

INTRODUCTION

Aircraftoperatingingustyairexperienceloadswhichcanbe divided
intotwotypes,accordingtotheirsource:(1)loadsdueto thedirect
effectofthegustand(2)loadsduetomotionsinducedbythedirect
gustloads.Loadsofthefirstty_peincreasewithairspeedandairden-
sity(seeref.1),andthoseofthesecondtypearesignificantlydepend-
entonthedsmpingratiooftheshort-periodoscillationoftheairplane
(seeref.2)andtheairplanerelative-densityfactor(seeref.1).

Withlightlyloadedwell-dampedairplanes,themotionsinducedby
thegustsserveto reduceconsiderablytheoverallloadsinroughair;
however,withheavilyloadedlightlydampedairplanes,thereductiondue
to themotionsismuchless.Thus,meansofgust-loadsreductionbecome
increasinglymoredesimbleas theairplanerelative-densityfactor
increasesandtheshort-perioddampingdecreases.!i?’hisreductioncanbe

. achieved(1)by counteringthedirecteffectofthegust(see,fore=-
plejrefs.1 and3 to 10)and(2)forairplaneswithlowsing ratios,

#
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by alteringthemotionsinducedby thedirectgustloadsby increasing .
theshort-perioddampingratio.To datetherehasbeenrelativelylittle
workinthisseconddirection,perhapsbecauseofthelimitedalleviation
,thatmightbe expectedfromsucha system(seeref.Xl.). i

Thepurposeofthepresentpaperisto investigateanalyticallythe
alleviationthatcanbe obtainedby a relativelysimplesystemwhich
altersthelongitudinalmotionsinducedby thedirecteffectofthegust
loads.Thissimplesystemconsistsofa mass-overbalancedviscously
restrainedelevatorandisanalogoustotheshnplifiedyawdamperreported
inreference12. Thecalculationspresentedinthispaperarelhnitedto
an airplanemodelflyingat onealtitudeandat onespeed.Thisairplane
modelhasa relativelyUrge pitchingradiusofgyrationandstaticmargin.
Calculationsweremadefora widerangeofviscousrestraint,andthe
resultingreductionsinnormalaccelerationatthecenterofgravitywere
determined.

ANALYSIS

DescriptionofSystememdOutlineofAnalysis
*

Thesystemstudiedinthispaperisanairplanewitha mass-
overbalancedviscouslyrestrainedelevatorandissimilartothesimpli-
fiedyaw-dampersystemreportedinreference12,exceptfortheuseof
massoverbalanceinlieuofadjustedhinge-momentparameters.ItWS.S
decidedto useelevatormassoverbalanceinthisinvestigationbecause
of itsinherentsimplicityandthedifficultyinpredictingtheeffect
ofelevatormodificationsonhingemoment.Thesystemhassevendegrees
offreedomfortherigidairplane,butwhenthemotionsarerestrictedto
thelongitudinalmodeswithessentiallyconstantforwardspeed,only
threedegreesoffreedomremain:verticaltranslationofthecenterof
gravityoftheairplane,rotationoftheairplaneabouttheI&eralaxis
throughthecenterofgravity,androtationoftheelevatoraboutits
hingeaxis. Inthefollowinganalysis,thedifferentialequations
governingthemotionsofthissysteminitsthreedegreesoffreedomare
setup,andthedynamicstabilityofthesystemisstudiedfrcmtheroots
ofthecharacteristicequation.Then,theresponseofthesystemto a
unitstepgustinput(indicialresponsefunction)isobtainedandusedto
obtaintheresponseto continuoussinusoidalturbulence(thefrequency-
responsefunction).Finally,theroot-mean-sqparenormalacceleration
incontinuousrandmturbulenceis obtainedby utilizlngpower-spectral-.
densitytechniques.

r“
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* EquationsofMotion

-J Intheanalysistheusualassumptionspertinenttothelongitudinal
dynamicstabilityofa rigidaircraftwithfreeelevatorsweremade. The
resultingdifferentialequationsofmotion,basedonthebody-axissystem
showninfigure1,are

(1)

(ThesymbolsaredefinedinappendixA.) TheforceFZ isrelated
s to ~ throughtheequation

(4)

Thecharacteristiceqyationobtainedfromthesedifferentialeqya-
tionsisgiveninappendixB andhastheform

)A(AA4+BA3+CA2+DA+E =0 (5)

Thecharacteristicequation(5)is offifthdegreewithonezero
root,andtherearethreedistincttypesofmotionsjdependingonthe
valueof Chat. Ifthevalueof C~t islessthana certaincritical

value,thereresulttwosetsof complexconjugaterootscorresponding
totheoscillatoryairframeandelevatormodesandtheonezeroroot
whichrepresentstheindifferenceoftheairplanetopitchattitude.
If C%, exceedsthecriticalvalue,twouneqydnegativerealroots
result,representingtheexponentialdecayoftheelevatormode;the
airframemodeis stillrepresentedby thecomplexconjugatepairand
thezeroroot. If ~,, equalsthecriticalvalue,thetwonegative
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rootsareequal.Thisconditioncorrespondsto criticaldampingofthe
elevatormode. Thisspecialcaseisnotdealtwithinthispaper.

ResponsetoUnitStepGustInput

An elaborateformulationoftheproblemoftheresponseofthesystem
to a unitstepgustinput,suchasthatgivenbyMazelskyandDiederich
(ref.13) andBrennerandIsakson(ref.14)isnotgivenherein.Instead,
thenormal-accelerationindicial-responsemodelproposedbyPressand
Mazelsky(ref.2)wasusedina modifiedform. Inthisnormal-acceleration
responsemodelitisassumedthataftertheairplaneencountersa stepgust
directednormaltotheflightpath“theshapeoftheresponsecurveup to
thepeakaccelerationdependsprimarilyonthegustpenetrationfunction
(Kiissnerfunction).Afterthepeakvalue. . . thecharacteroftheresponse
appearstobeprimarilya functionofairplanestabilityandto approximate
theshort-periodoscillationoftheairplane.”(Seeref.2.) Or,inequa-
tionform,

an(S) .an,w sin~$ (O<s<sp) (6)

r

4-SP)COS P(S ~ (6P< s)13Js)= an,maxe - Sp (7)

Thisresponsemodelhasbeenusedsuccessfullyby Vitale,~ess, and
Shufflebarger(ref.15)inpredictingroot-mean-squarenormalacceleration
ona transonictaillessrocket-propelledmodel.Inthepresentstudya
morenearlyexactrepresentationoftheshort-periodoscillationwas
usedandthepenetrationeffectonthetailwasaccountedforinan
approximatemannerthatagreesat leastqualitativelywiththetaileffects
shownbyMazelskyandDiederich(ref.13) andBrennerandIsakson(ref.14).
Inreference14,itisseenthatthetailbeginsto developanappreciable
fractionofitsquasi-steadyliftonlyafteritpenetratesseveraltail
chordsintothegustandthat,forhighmassratios,practicallyno transla-
tionorpitchingoccursuntilthistime.Accordingly,itwasassumedthat

(1)Noverticaltranslationorpitchingoftheairplaneoccurred
untilafterthetailhadpenetrated2 tailchordsintothegust(total
penetrationof4 wingchords).

(2)Thewingliftequaleditsquasi-steadyvalueafterithadpene-
trated4 wingchordsintothegustandwasa sinefunctionofthepene-
trationdistancebeforethistime.
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(3)Thetailliftequaleditsquasi-steadyvalueafterithadpene-
trated2 tailchordsintothegustandwaszerobeforethistime.

Theassumptionsarenotvalidforallairplanes,butarethoughtto
applysufficientlywellforthisconfigurationina heavilyloadedcondi-
tion(highmassratio).Thediscontinuousdevelopmentofthetaillift
causesdiscontinuitiesinnormalaccelerationandpitchingmomentwhich
approximatethemoreexactvariationsindicatedby reference14foran
airpknewitha highmassratio.

Theelevatoreffectsweretreatedbyassumingthat

(1)Thetransientaerodynamichingemcxnentsoccurringupto thefirst
peakwereinsignificantincomparisonwiththeartificialviscoushinge
momentsandtheinertiamomentsofthemass-overbalancedelevator.

(2]Subsequenttothefirstpeak,theaerodynamichingemoments
couldbe representedadequatelyby quasi-steadyvalues.

Thenormal-accelerationandpitchingresponsesupto 4 wingchords
penetrationcanbe writtendownimmediatelyas a consequenceofthe.
assumptions.Thus,since~ =$,

(8)

00= (9)

Theelevatormotionobtainedbysolvingequtions(1)and(3)
simult=eousl.ysubjectto theconditionsofequations(8) and (9) and
of zeroaerodynamichingemomentbuttithartificialviscousrestraint
isgivenby

As waspointedoutpreviously,it isassumedthat,subsequentto the
firstaccelerationpeak,theairplaneisfreeofunsteady-13fteffects
dueto penetrationintothegust;thatis,itsliftcanbe givenade-

* quatelyby quasi-steadyvalues.Thisassumptionisequivalentto the
assumptionthatthemodelrespondsessentiallyinitsshort-periodlongi-

—

tudinalmotionsubjectto theinitialconditions
d
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a(tp)= *

e(tp)= o

1

5(t-J = 5P

qtp) = o

s (tp) = ~

where ‘P and 5P areobtainedfromequation(10)
tionsofequations(1),(2),and (3) subjecttothe
givenby equations(n) arethesolutionsrequired.
representing~ forthetwotypesofmotions,are
thenondimensionalpenetrationdistances = ~:

c

(n)

at t = tpo Thesolu-
initialconditions
Thesesolutions,
givenasfunctionsof

an(s)= COB(+%){&’(s-sp’[’l
C1ea3 ()‘-SP + Die@

1
(S-SP)

For Chbr= -W (elevatorfixed),

I

I

( )]cos~(s-sp)+Blsin~ S-sp +

~) +D1sin A(s- Spj] (12)

p(s-sp) )]
+Blsin~(s-sp +

(13)

p(s - sp)
q]

+Blsinp(s-sp (14)
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Theexpressionsfor f3and 5 aresimilar andaregiveninappendixC
togetherwiththeprocedureforthedeterminationoftheconstantsAl>
Bl,-Cl,and D1.

Notethat,fortheelevator-ftiedcase,therepresentationofthe
short-periodmode(eq.(14))containsa sinetermwhichdcesnotappear
inthesimplifiedrepresentationassumedbyPressandlkzels~(eq.(7)).
Althoughtheresultingrepresentationoftheshort-periodmode(eq.(14)),
ismorenearlyexact,itisonlyan approximaterepresentationofthe
oscillatoryresponseoftheairplanesubsequentto thefirstpeak,since
thepenetrationeffectsontheaerodynamicderivativesprobablypersist
formorethanthe4 chordsassumed.

Responseto Continuous

Thegustfrequency-responsefunctionor
to an infinitelylongsuccessionofgustsof

canbe obtainedfromthenormal-acceleration
(eqs.(12) and’(13)) by therelation

Gusts

theresponseoftheairplane
thefor&

indieial-response

Jw

Fn(iv) = iv ~(s)e-ivsds
o

—

(15)

functions

(16)

U& Theinte=
where v = ~. ationsforthetwocaseshavebeenperformed

andaregiveninappendixD. Forsubsequentcalculationswiththeatm~s-

phericpower-spectral-densityfunction,thefrequencyvariablev = ‘$

istransformedto Q =%.
.

Thus Q is independentoftheairplanespeed

andsizeandisbasedsolelyonatmosphericcharacteristics.

Thepowerspectrumofthenormalaccelerationwasccsnputedfrcxnthe
equation

q(l) = @atmos(fi)lFn(iQ)12 (17)

Thepower-spectral-densityfunctionoftheatmospherewasassumedtobe
givenby

—-— -— — —
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1=— (18)Q2

Inthepresentstudy,variationsinatmosphericgustintensitywerenot
consideredandtheunitintensityconstantwasusedforallcalculations.

Theroot-mean-squarenormalaccelerationwasthenfoundfromthe
relation

Theseresults
ofgustloads

(eqs. (17) to (19)) fromthegeneralizedharmonicanalysis
aretakenfromreference2.

CALCULATIONSANDRESULTS

An outlinedrawingoftheairplaneconfigurationchosenforapplica-
tionoftheforegoingtheoryisgiveninfigure2. Thestraighthorizontal
tailwaschosento givea straighthingeline. Someofthepertinentchar- V

acteristicsofthisairplanearegivenintable1. Thesizewaschosento
be comparabletotherocket-poweredmodelstestedby Vitale,Press,and
Shufflebarger(ref.15). Theaerodynamiccharacteristicsofthewing-body “
combinationwerebasedontestsby SpreemannandAlford(ref.16); thetail
andelevatordataweretakenfromresultsofa testbyTurner(ref.17).

Whenthisinvestigationwasfirstundertaken,therootsofthecharac-
teristicequation.wereobtainedforthisairplanewitha mass-balanced
elevator;theresultsindicatedrelativelylittleeffectoftheelevator

—

modeontheairframemodeforanyvalueof Chb,●
A valueofmassover-

balance(~ negative)sufficienttohalvetheE terminthecharacteristic
eqyationwaschosenforfurthercalculations.Forlg flightunderthe-”

—

assumedflightconditions,thetrimelevatoranglecorrespondingtothe
massoverbalancewas-0.470.

Theperiodanddampingofboththeairframeandtheelevatorshort-
periodmodesaregiveninfigure3 asfunctionsof ~!. (Notethat
c@l . -m correspondsto elevatorfixed.) Thegustindicialresponses
in an and 5 areshowninfigure4 for c%, =0, .62.5, -175, and~m;

the e, 6,and ~ responsesarealsogivenfor %5, = -175and-~. The

remainingcalculationsweredonefor C%, ‘OY -62.5, -175, -250,and-~. “

u
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Theamplituderatiosofthenormal-accelerationgust-frequency-response
functionsandthecorrespondingpower-spectral-densitytictionsareshown
infigures~ and6, respectively.Theroot-mean-squarenormal-acceleration
response(fig.7) wasthendeterminedby graphicallyintegratingOn(Q).

DISCUSSION

Stick-FreeStability

Theeffectofviscouselevatorrestraintontheclassicalstick-free
stabilityoftheairplaneis showninfigure~. It is seenthattheacidi-
tionofviscous&m-pingcanmorethantrebletheeffeckivedampingofthe
airplaneshort-periodmode(ascomparedwithstick-fixed),andisextremely
effectiveinimprovingthedampingoftheelevatormodeas couldbe expected.
(Notethat Cm, dueto aerodynamiceffectsaloneisonlyontheorderof
-1to -10.J Inthevicinityof ~, = -80,theaforementionedcritical
valueof C%5’ isrea~ed. At thispointtheoscillatoryelevatormode

disappearsandisreplacedby twoexponentialconvergence;forfurther
increasesin %~1 themotioncanbepracticallyrepresentedby a single

exponentialdecay.Itis interestingto observethatthepeakinthe
airframe-periodcurveoccursinthevicinityof (Ch5,)w.

GustResponse

Discretegusts.-Comparisonofthetimehistoriesofthegustindicial
responsesfor Chbl= 0, -62.5, -In, and-W (fig.4) showsthatviscously
restrainingtheelevatormarkedlyinfluencesthemotionsubsequenttothe
firstpeak. For C%, = -1~, tja. 0.565,andthesubsequentoscillations

practicallydisappearin onecycle;whereasfor c% f ‘“a, [a= O.1~, and

aboutone-thirdoftheoriginalamplituderemainsafter1 cycle.This
favorableeffectoftheelevatormotionIsaccomplishedwithonlysmall
elevatordeflections(5= O.@o) andvelocities(6= 2.20persecond)for
a EWJtVelo-cityof 1 footpersecond.Hencethedragpenaltyduetothe
actionoftheelevatorswouldbe insignificant.

Continuousgusts.-Thenormal-accelerationgust-frequency-response
functionfor Chbi= O (fig.s(a))exhibitstwopeaks;thelow-frequency
peakcorrespondstotheoscillatoryairframemodeandthehigherfrequency
peakto theoscillatoryelevatormode. In consideringthemagnitudeof* theelevator-modepeak,itmustbe kept.inmindthatthereisno damping
at allintheelevatorcircuit,andtheaddition.ofevena slJghtamount

d
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ofviscousrestraintcorrespondingto theaerodynamicdampingofthe
(belevatorC , = )-1to -10 wouldsubstantiallylowerthispeak(see

fig.3(b)).‘Thesmallamountofdampingwhichexistsintheelevator
modeisprovidedby thedynamiccouplingwiththeairframemode.For
%8, = -62.5, althoughtheelevatormotionisstilloscillatory,thepeak
hasdisappeared.Forvaluesof v> 0.2,thefrequency-responsefunction
ispracticallythesameforallvaluesof C@! becauseofthepredmni-
natingcontributionoftheinitialquartersinewaveinthenormal-
accelerationindicialresponseatthesefrequencies.

Thepowerspectrumofthenormal-accelerationresponse(fig.6) indi-
catesthatpracticallyallthepowerinthenormal-accelerationresponse
occursnearthenaturalfrequencyoftheairframe.Notethat,for
c% t = -175, thenormalaccelerationattheairframenaturalfrequency
ha;beenreducedk8percentbelowthatexperienced@th c%, = -~ but
thatat lowerfrequenciestheaccelerationissomewhatgreater.

Theprincipalresultsofthisinvestigationarepresentedinfig-
ure7. Therein,theroot-mean-squarenormalaccelerationoftheairplane
incontinuousroughair,normalizedwithrespecttothatobtainedwith
fixedelevator,isgivenforfourvaluesofviscousrestraint.The 3
ratio an/~n,~fixedisseentohe about1.07 fornoviscousrestraint
anddecreasesrapidlywiththeinitialincreasein Chbi● A flatminimum “
ofabout20-percentalleviationisreachedfor c% I = -13 to -50;

althoughcomputationswerenotmadeforhighervaluesof Ch5tJ it seems
reasonableto expectthatthecurvewouldfollowa gradualupwardtrend
withincreasingc% r andapproach1.0asymptotically.

Thedashedlineinfigure7 labeled“Simpleindicial-responsemodel”
Isbasedonthesimplifiedresponsemodelusedby PressandMazelsky
(eqs.(6)and (7)) andpermitsthedeterminationof an iftheeffective ,
valuesofairplaneshort-periodstabilityparameters,thatis,dsmping
ratio (a andfrequencyba,be known.Theomissionoftheairframesine
termfromtheindicialresponsemodel(seeeqs.(12)to (14))evidently
causesthesimplifiedmethodto overestimatethealleviationnearoptimum‘
CM t andtounderestimateitforlowvalues.

Otherconsiderations.-Inalltheforegoinganalysisandapplication,
themomentsactingontheelevatorhavebeenassumedtobe significantly
largerthanmomentsdueto staticfriction.Also,noprovisionwasmade
forelevatorcontrol,sincetheelevatorusedfortheanalysisoccupied
theentireexposedtrailingedgeofthetail. In a practical application

“

to anactualairplane,itmightbe feasibleto employa splitelevator,
v
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one-halfbeingusedforcontrolandone-halfbeingusedforauxiliary
damping.Suchan arrangementwouldalsoinsurethattheelevatormotions
reqtiredfordampingwouldnotbe interferedwithby theactionofthe
pilotinholdingthecontrolstick.Thesystemcouldbe optimumizedat
cruisingspeeds;iftheactionofthesystemprovedobjectionable@ the
lowerspeedsexperiencedduringclimbanddescent,itcouldbe locked
out,sincethehighestspeedslikelytobe attainedarethecritical
speeds.

Theeffectsofchangesin speed,Machnumber,andaltitudeonthe
optimumvaluesof ~, havenotbeeninvestigatedandtheoptimumvalues
of Ie, %> C~, -d ~ forthisandothervaluesofstaticmargin

havenotbeendetermined.Also,sincemassoverbalanceisused,there
wouldbe a smallhingemomentdueto longitudinalaccelerationsanda
reductionin stabilityin steadypull-ups,withpossiblysomeeffecton
thephugoidmode. In spiteofthesepossibleeffects,thesystemdoes
appearto offera usablemarginofgust-badalleviationforlightly
dampedaircraft,andit isespeciallyattractiveinviewof itsinherent
simplicityandreliability.

CONCLUDINGREMARKS

Thegustresponseofa lightlydampedairp@nemodelfQcLngat a
Machnumberof 0.7at sealevelhasbeenstudiedanalyticallywitheleva-
torfixedandtithvar@ngmountsofviscousrestraintofthemass-
overbahncedelevator.Althoughtheviscouslyrestrainedmass-werbalanced
elevatorprobablyhasnegligibleeffectontheairplanemotionuntilthe
firstpeakinthenormal-accelerationresponseto a sharp-edgegusthas
beenreached,theeffectivedsmpingratioofthesubsequentmotioncanbe
morethantrebledby a suitablechoiceofviscousrestraintwithsome
reductioninfrequencyof oscillation.In continuousgusts,calculations
indicatethatforthemodelconsideredthereresultsa 20-percentreduc-
tioninroot-mean-squarenormalaccelerationatthecenterofgravityover
a broadrangeofelevatorviscousrestraint.

LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

Is.ngleyField,Vs.,Septeniber10,1957.



NACATN 4173

APPENDIXA

sYMEOLs

Positivedirectionsofdisplacements,velocities,andaccelerations
areshowninfigure1.

a realpartof’characteristic-equationrootpertainingto
airframemode

% normal-accelerationincrementfromtrimdueto
g units

b imaginarypartof characteristic-equationroot
airframetie

gustof 1 ft/see,

pertainingto

c realpartof characteristic-equationrootpertainingto eleva-
torroot

?5 meanaerodynamicchordoftotalwing

Ce meanaerodynamicchordofexposedelevator

%
Ch=~qsece

cz=3&

d imaginaryput ofcharacteristic-equation
elevatormode

e baseofnaturallogarithms,2.7182 . . .

Fn(iv),Fn(iQ) gust frequency-responsefunctions

FZ forceparalleltoZ-axis

rootpertatiingto

i3 accelerationdueto gravity,32.17ft/sec2
w

.

w
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1=
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of inertiaofelevator.abouthingeaxis

distance from

of inertiaofairplaneaboutlateralsxisthrough
gravity

centerof gratityofmcdelto centerof gravity
of elevator

mass of airplane

massof elevator

aerodynamichingenmmentonelevatortakenabouthingesxis

pitchingnmmentaboutcenterof graxi.ty

free-streamMachnumber

periodofoscillatorymotion,sec
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-C pressure,lb/sqft

distancepenetratedintogust,takenfromleadingedgeof
exposedwingrootchord,VtT

wingarea

time

timefornmtiontodamptoone-~ amplitude

componentof V alongX-axis

free-streamairspeed

weight

ccmponentof V along Z-axis

distancefromelevatorhingeaxisto centerof gravityof
elevator,positivewhencenterofgravityisrearward Of
hinge axis

longitudinalbody~iS, positimforward

lateralaxis,positivetowardrightwingtip

normalbodysxis,positive downwsrd

angleofattack,radians

i

.

w

w
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Y flight-pathangle,radians

5 elevatordisplacement,ratians(wess othefisenoted)

A d~=—
v

c dampingratio

e pitchattitude,deg

~=~+

% root-mean-squarenormalacceleration

Oatmos(Q) power-spectral-densityfunctionoftheatmosphere

@n(Q) power-spectral-densityfunctionofthenormal-acceleration
w responseincontinuousroughair

. % circularfrequencyofsinusoidalgusts

3-Cu.)s=—
2SP

3-C
‘o=—

‘P

Subscripts:

a airframe

cr critical

e elevator

W13 wing-bodyu

P pertainingtothefirstpeakinthenormal-accelerationresponse
k

5fixed elevatorfixed
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Derivativesaredenotedby subscriptnotation,thusly:

-.

*-

Differentiationwithrespecttotimeisdenotedby a dot,thusly:

.-(Y,==
dt

whereasdifferentiationwithrespectto dist~ces{intingchordlengths)
isdenotedby a prime,thusly:

—

6

.
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APPENDIXB

THECHARACTERISTICEQUITION

Thecharacteristicequationobtainedfromtheequationsofmotion
is

X(AA4+BA3+ CA2+DA+E)=0

where

A=l

‘–-–+=+a+i+w%‘Cha,

(

CmoI ~f
B Ie,2 =Y,2

L

(Bl)

(B2)

(B3)

&*]- (~,c&*——
1Y,21e,2

(B4)
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le,a

(1+
?#!@+!#3&+(_+)%+%’—— -

1= IY>2

%%]+ ’2[(1+%3%-?5-%+%+%
(B5)

(~=%%%%e%)——-——%1 le,l lY)lle,l~ ‘%7

(B6)

Therootsofthecharacteristicequationareasfollows:

For C%, < (c~,)cr~

A1,2=aiib

which

which

which

corresponds

corresponds

corresponds

totheshort-periodmodeoftheairframe;

A3,~= ckid.

totheshort-periodmodeoftheelevator;and

to indifferenceoftheairfrs.metopitchattitude.
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~1,2=a*ib

whichcorrespondstotheshort-periodmodeoftheairframe~A3 and A4

arenegativerealroots whichcorrespondto theexponentialdecayofthe
elevatormode;and

?q=o

whichcorrespondstopitchindifference.
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RESPONSE

Theresponsesto a unit

APPENDIXc

TOUNITSTEPGUSTINPUT

stepgustinputaregivenintermsofthe
nond~nsionalpenetrationdistances = @.

—

c

e(s) = o (C2)

[-1 ( 1 )p%+s+aco+q (C3)5(s)=~~+ ~02+K12 qe

(b)
For Sp< s< UJand chb~< C ~r,

an(s)= (~~){:l(s-%)~~COS P(S- ~)+B1Sirip(s- ~)]+

%@Jp)
e

[ ( II}
CICOSAS-SP +D1sinAs-sp( )

{[

al(s-sp)
6(s)= e )]A2COS P(s - Sp) +B2sin~(s - Sp +

()
C&2S-sp

e
[
C2 cosA(s- ~) + D2 sinA(s - Sp)]} + E2

(C4)

(C5)
●

m
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[

al(s-sp)A3 cOS5(s) =e

()e~2‘-6P
[
C3 COB

For SP<S<M and Chb,

f++ ( %]+B3sin~s- +

A(s- %) + D3 ‘inAt - %)]

()s Ch51~r>

(c6)

t)(s)
CL1(S-S-J

= e
[
A2 COS $(s %)+ B2

a3F’-sP) %(S-SP)+E2
C2e + D2e

.

% F-5P)
IS(S)= e

[
A3 COS j3(S - Sp) +

C3e% @-%) . @4 (s-%)

Itshouldbe pointedoutthatthearbitrary
Dl,and E2. Theremainingconstants,%2>

sin $(s %)]+
(c8)

)]B3 sinB~ - Sp +

(C9)

constantsare Al) Bl, Cl,
A3, B2> B3) C2> C3) D2j

and D3 arethemodalconstantsandarelinearfunctionsofthe~bitrary
constantsandthestabilityderivatives,massparameters,andflightcon-
ditions.Theseconstantsweredeterminedby standardmathematical
techniques.
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APPENDIXD

RESPONSETO CONTINUOUSGUSTS

NACA‘TN4173

●

w

Thenormal-accelerationresponseof
longsuccessionofgustsoftheform

cr,g= * sinugt‘+

theairplaneto an infinitely

()
sin~ t (Dl)

c

is givenby thefollowingequationfor Clqjf~ (~~l)cr:

F~(lv)~n 1
{[ ( 1}

~=.~v*vco8vBp+i u,-vsin~ +

~

Al

(
[E(v4+2(%%’p+(%2+p2)~ ‘012-

) 1
p2+ v’ .0sv% + (-fx.J(~2+p2+ v2)sinv% +

H

[(
i-v~’-

1])
~2+ V2)‘in% + (-’%)(%2 + ~’ + ~, Co*Vsp + .

B~

(
V4+ 2(3.f-$3 + ~’ {

( , ,2)2 [v(-4cm ‘~ + (~’ + B’- F)sinVSJ+

[ 1})1 -v(-2aJsin~ + (%2+ i32- #)COBVSP +

c1

(
2{[V(W2 -A’+ V~CosV% + (~) (q’ + A2+ v’)sinvs~+

# + 2(~’ - A2;# + (W2 + A’)

[(i -v~’ ) ) 1])
. A2+ v’ sinv% + (-q)(~’+ A2+ v’ CosVsP+

Dl

(
V4+ ‘(a# -A2;2+ (~2+A2)2[

[v(-’aJcosv% +-(%2+ A2 - V’)sin Vs.J +

[
i -v(-2u2)sinv% + (U22+ A’

1})
2, p- v CosVs

.

(D2)

.
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‘or c@jt > (chb,)cr, the expression
Cl ~d D~ terms.Thesetermsnow

23

for Fn(iv)ismodifiedonlyinthe

become

cl( {[v v CosVsp+
V2+CX32

(-~)sfnv~]+i~vsinvsp+ -CZ3COSVS,

() 1))
(D3)

and

({v‘1 [V COS VB 1 [.~+(-U4)BinvBp + i -V sin VSP + (-~4)c0s v
lz’ + CI,42 d})

(D4)

In eithercase,theinitialterm

[ (~sbvcos‘Sp+ios-Vsinv~)] ‘~+~

when mB = v.
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TABLEIM-PERTINENTAIRPLANECHARACTERISTICS
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Geometriccharacteristics:

~,sq ft . . . . . . . . . . .
C,ft . . . . . . . . . ..*
Aspectratio . . . . . .
Sweepback,deg . . . . .
Taperratio,deg . .
Distancefromcente;~f
gravitytoO.= mean
aerodynamicchord,f% .

Masscharacteristics:
m,slugs . . . . . . . .
~, slugs.2.● ● . . , .
Iy,slug-ft . . . . . .
Iy,e,slug-ft2. . . . .
xe/ce. . . . . . . . . .

Flightconditions:
Altitude,ft . . . . . .
Staticpressure,lb/s ft

JVelocityof sound,ft sec
%“””””””””””
~,lb/sqft . . . . . .
V,ft/sec. . . . . . . .

Aerodynamiccharacteristics:
Cza ● , , . . . . . .

c% . ● ● s . , . . .
CZa,w ● ● . . . . . . .

s-p,~w chords. . . . .

% ““”””””””

% ● .*.*.. . .

c~, . . . . . . . . .

a
Allcalculationsbased
bAt quarter-chordline.
cAt hingeline.

. .

.*

. .

. .

.
●

✎

✎

✎

●

✎

✎

●

✎

●

✎

✎

✎

✎

.
●

✎

✎

✎

✎

✎

✎

●

✎

✎

.
●

✎

✎

✎

✎

✎

✎

✎

✎

✎

.

.

.

.

.

.

.

.
●

✎

✎

-4.25
0

-3.87

4
-1.162
-0.536
-0.87

wing
3.77

1.068
4.0

b45.o
0.300

.

.

.

.

.

.

.

.

.

.

●

.

.

.

.

.

.

.
●

✎

✎

✎

0

.

.
●

.

.

.

.
●

.
●

.

0.565
0.384

4.0
b7.13
0.600

.

.

.

●

✎

✎

●

✎

●

●

●

●

✎

✎

✎

✎

✎

9

.

.

.

.

.

.

.

.

.

●

✎

✎

●

✎

✎

✎

●

●

●

✎

●

✎

✎

●

✎

✎

✎

●

✎

✎

✎

●

✎

✎

s

.

.

.

.

.

.

.

.

.

.

●

✎

✎

✎

✎

✎

✎

9

.

.
●

●

✎

●

●

✎

✎

✎

✎

✎

✎

✎

✎

✎

9

●

.

.

.

●

✎

✎

✎

✎

✎

✎

●

✎

✎

●

●

✎

✎

✎

✎

.

.

.

.

●

✎

●

✎

✎

✎

✎

✎

✎

✎

✌

✎

✎

✎

.

.

.

●

✎

✎

✎

●

✎

✎

✎

✎

✎

●

✎

✎

●

●

.

.

.

●

✎

✎

✎

✎

✎

✎

✎

✎

●

✎

✎

●

●

✎

.

.

.

.

.

.

.
●

✎

✎

✎

✎

●

✎

✎

✎

✎

●

0.10
0.08%
------

co

0.665

d2.50

: 0.:%
6.60

;. 000293
-0.3366

: “2,11:
. 1,u6
,, 0.7
. . 725
. . 780

● -4.15
. 0
. -0.100
● -0.484
. -l. %
. +.28
o to -~

onexposedelevatorarea.

%istancefromcenterofgravityto elevatorhi&e axis.
* ._



J

.?

Airplanecenterof gravity

ElevatorhingeHorizontalre~erenoe~ I

Figurel.-Body-axissystemused in analysis. Axes remain fixed relative to airplane.



-. -.

ro
CD

-e Of mean aero-
0

I
CP..
w .-

$

Alqilane oenter of gravity 3.58

—Elevator hinge

line

“d !’sfn:zz:%~
Airfoil aeotlona:

Figure 2.- Outline sketch of atrpkne. All dimensionsare in inches.

t

* . *,.



NACATN 4173

1.0

.8.

.6

(? P
.4

4

.2

0mm
.
<
WA
a .1
:
- .08.C4
.
u
.06

.oh

●02

.01

I

/-

K-

P-

\

Asymptotes
P

— c

o -50 -1oo -150 -200 -@ -300 -350
c~6I

(a) Airfrsmemode.

Figure3.- Effectof Ch ondynamicstabilityofclassicalfree
5’

oscillation.



.

J-1

2

1
.8E
.6K———K—t
.4

0am .2
.

~
* .1.B

P

1 .08 II /
.
PI

d .04

.01 \
.008 /
.006

.0044}

“002rt

I I

/

—
—
/

o -50 -1oo -150 -200 -250
%*P

-300 -350

(b)Elevatormode.

Figure3.-Concluded.

.

.

.

.



,.,

I , ‘ ,

.2

.1

Q, 0

cleg

-.1

-.2

!

an

.2

.1

I

o. \

-.1.
0 20 40 60 80 MO 120 40 160 l@O 200 220 2

s,ohoi-d~

(a) C%, = 0,

.0

Figure 4.- Gust indicialresponses.



h

deg

.1

-. 1 -

-.2

an

.2

●1
\

o

-.1

1

~ -

0 20 LO 60 80 100 1.20 Il+o 160 180 200 =@ 21+0

s, chords

(b) C%, =-62.5.

Figure 4.- Continued.

,

.F

zVI

, *



1

e,

deg
-.

.1

% o - /
— —

mlg L

-.1

-.2

I
0.2-

.1 \

%

o \
-

—m

a,Ohcmda

(c) c%, =-175.

F@ure 4.- Continued.

-.

( v b“”

!s



1

b, ~

dedmc

-1

1

5$0

deg/nec

-1

-.2

-3

/

o 20 40 60 80 100 MO I.llo 160 180 200 220 m
S, chords

(d) c%, = -lm.

Figure 4.- Continued.
E!

,



,

0

‘a

(leg -,1

.1

6, 0

deg

-.:

-.2

.;

.1

%

c

-.

! .

\

\

20 40 60 60 100 Izo Lo 160 1s0 200 =0
m,Ohorda

(e)

Figure

ch6, = ~.

4.- Continued.

o

-.



, .

1

0

-1

-2

-3 A

. .

‘a



.7

.6

●5

.4

F=,g units

.3

.2

.1

0
—

.001

Figure 5.-

.01 .1
v

(a) C%, =0.

lbrmal+cceleratlon gust-frequency-response

1

functions.

10



.-l

.6

.5

.:

—

.001 .01

—

—

-

—

(b)

Figure

.1 1 10

v

C%,=-62.5.

5.-Cont~d.

u
(m

, . , *



,

.7

.6

●5

94

Fn, E uni~

J -

.2

.1

0 - —

—

—

—

/
—

.01

(c)

Figure

.1 1

V

C%, = -1~.

5.-Contmmd.

.

10



I
.6

r

.5

J!-

F=,g UII1’GS

.3

.2

.1

0
.001 .01

(d)

.1

-/

.

1 10

I .

Figure

.



●7

.6

.5

.4

Unitn

.5

.2

.1

0-
.001 .01

(e)

Figure

.1

-v

c%=-co.

5.-Concluded.

\

1 10



.-

.Jml

m

In

%ntm. J
&%dlq/rt

.

.0

.00

.WJ

n

(a) Chb, =0.

Figure 6.-Power-spectral-densityfonctlonof

1

no-l-acceleration response.

—

.

—

—

.

I-3
z

, . , , , ●



t ,

lWO

Km -

10
/-

,/ /
,/

/.

1

*. U-l,

&/-wfi

,1

,01

.al1

,Oml
.M1 .01

T

(b) c%,

Figure 6.-

.1

n

= -62.5.

continued.

1 10



190

10 “
/

,/’

/’
/’

*n(Q) , ~

#-aaiq/n

.1

.01

1

.001

.0001
.W1

\

.01

(c)

Figure

\

.1

J-1

c~, = -175.

6.-Continued.

1 lo

1
I .,

,,
} ●



t .

.-

, + .

.1

(d)

Figure

n

ch~,= ‘.250.

6.-Coritlnued.



Uo[

m

u

*“Q), 1

&ra41m/ft

.1

.01

,001

.Orn

/

//-

,/’
-/

L .01

(e)

Figure

\

\

.1 1

n

c%’=-“

6.-conclti~.

\

lc

f . t *
●



, b 0 d

1.1

1.0

●9

on

‘n,6fixed .8

●7

.6

●50

\ Complex hdioial-response model

\~ \ -CF
\ e ____
\

-----

\
~---

\,
----

~--
\
L. -.-1’

-1oo -200 -300 -400 -5(

Figure 7.-Normalizedroot-mean-square
variations h

value of norml-acceleration response as affected by

elevator viscous restraint.

o


